On the measure of spacetime and gravity 
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By following the general guiding principle that nothing should be prescribed or imposed on the 
universal entity, spacetime, we establish that it is the homogeneity (by which we mean homogeneity 
and isotropy of space and homogeneity of time) that requires not only a universally constant 
invariant velocity but also an invariant length given by its constant curvature, A and spacetime 
is completely free of dynamics. Thus c and A are the only two true constants of the spacetime 
structure and no other physical constant could claim this degree of fundament ainess. When 
matter is introduced, the spacetime becomes inhomogeneous and dynamic, and its curvature then 
determines by the Bianchi differential identity the equation of motion for the Einstein gravity. The 
homogeneity thus demands that the natural state of free spacetime is of constant curvature and 
the cosmological constant thus emerges as a clear prediction which seems to be borne out by the 
observations of accelerating expansion of the Universe. However it has no relation to the vacuum 
energy and it could be envisioned that in terms of the Planck area the Universe measures lO^'^" units! 



PACS numbers: 04.20.-q, 04.20.Cv, 98.80.Es, 98.80.Jk, 04.60-m 



o 

I 



> 

a\ 
m 
rn 

o 



X 



In the Newtonian mechanics, free space in the 
absence of all forces is characterized by homogeneity 
and isotropy of space and homogeneity of time and 
particles in it follow its geodesies - straight lines. It 
is entirely characterized by these symmetry properties 
which is a dynamical identification of free space. Let 
us bring forth the full meaning of these properties in 
an imaginative way. Homogeneity in space would imply 
that the interchange of x and y coordinates would make 
no difference. Since time is also homogeneous, like the 
interchange of x and y, the interchange of x and t should 
also be perfectly legitimate and acceptable. However 
the problem is that their dimensions don't match, we 
have to make them match so as to adhere to the general 
property of homogeneity of space and time. The only 
way the dimensions could be matched is by postulating 
the existence of a universally constant velocity, c, so then 
X and ct could be interchanged. It may be noted that 
this is all dictated by the sheer force of the consistency of 
a principle [l| . The velocity of light thus enters into the 
picture and binds space and time into spacetime which 
harbours the Einsteinian mechanics, special relativity 
(SR). 

The general principle we would like to adhere all 
through this discourse is that nothing should be pre- 
scribed or imposed on the universal entity, spacetime. 
The velocity of light binds space and time into spacetime, 
now the question arises, what is its geometry? That 
is, what geometry should a homogeneous spacetime 
(here and in what follows by homogeneous we will 
always mean homogeneous and isotropic in space and 
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homogeneous in time) which is free of all matter/energy 
in any form, have ? Since spacetime is homogeneous, 
its curvature must also be homogeneous which means it 
should be covariently constant, VeRabcd = 0. The only 
thing that is constant relative to covariant derivative is 
the metric, hence homogeneous curvature is given by 
Rabcd = Mgacgtd - gadgtc), where A is a constant, the 
measure of curvature of spacetime. Thus the geometry 
of homogeneous spacetime which is the analogue of 
Newtonian free space is in general curved and has 
constant curvature. Of course it would include the 
zero curvature flat spacetime as a particular case. In 
SR, geometry of spacetime was assumed to be flat 
described by the Minkowski metric while the dynamical 
characterization (homogeneity) of free spacetime would 
have determined it to have constant curvature and not 
necessarily zero curvature. Minkowski geometry was 
therefore a prescription imposed on spacetime, it is not 
the natural and general geometry of free spacetime. 
What it means is that without any imposition from 
outside the free spacetime has homogeneous (constant) 
curvature with A as its measure. It would be described 
by dS/AdS metric depending upon the curvature being 
positive or negative and when it is zero, it is the fiat 
Minkowski. 

It is important to note that it is the property of homo- 
geneity that first dictates the existence of the invariant 
velocity and now also the existence of an invariant length 
through the constant curvature of spacetime. Thus A 
enters into the spacetime structure at the same footing 
as the velocity of light. It signifies spacetime's ability to 
curve as a basic innate property. As c binds space and 
time into a 4-dimensional spacetime and now A curves it 
to give it a kind of a measure of its size through constant 
curvature. Thus these two constants get interwoven 
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in the structure of spacetime and no other constant 
could claim this degree of fundamentalness. The basic 
property of homogeneity only demands existence of 
invariant velocity and length, it cannot say what should 
be their value? The invariant velocity is given by the 
Maxwell electrodynamics and it gets identified with the 
velocity of light, what then gives A? What we have 
seen so far is that the geometry of free spacetime should 
have constant curvature but what should be its measure 
cannot be determined unless spacetime is injected with 
some physical effects by introduction of matter/energy 
in some form or the other. It would then be determined 
by the matter content in the Universe. Ultimately it is 
for the observations to determine its value, however the 
accelerating expansion of the Universe seems to measure 
its value for the first time [I]- 

It is clear from the above discussion that the general 
property of homogeneity demands not only an invariant 
velocity binding space and time into spacetime but 
also an invariant length [l|, Q given by the constant 
curvature of the homogeneous free spacetime. Thus the 
free spacetime is therefore homogeneously curved and 
free particles will now follow its geodesies - the motion 
under no forces. This is the state analogous to the one 
characterized by Newton's First law. It harbours no 
dynamics because it is homogeneous. Here there should 
be de Sitter relativity (dS-R) Q for A > rather than 
SR of the Minkowski metric. Locally of course it is 
always Minkowski with the usual SR in the tangent 
plane. It should be noted that homogeneous spacetime 
described by dS/AdS metric is completely free of all 
dynamics including gravity. Though all the text books in 
GR state that the absence of gravity is characterized by 
vanishing of the Ricmann curvature, we would however 
like to emphasize that it is instead characterized by the 
Riemann curvature being covariantly constant and not 
necessarily zero. It is the introduction of matter that 
would now make spacetime curvature inhomogeneous 
and thereby rendering it dynamic. The equation of 
motion governing this dynamics must also follow from 
the geometric properties of the curvature. The Bianchi 
identity satisfied by the Riemann curvature does indeed 
lead to an equation that interestingly describes the 
Einstcinian gravity. Gravity is thus driven by inhomo- 
geneity in spacetime curvature. It is remarkable to note 
that gravity got automatically included in spacetime 
curvature because of its universal character of linkage 
to all that physically exist including zero mass particles 
Since the dynamics of inhomogeneous spacetime 
must include homogeneous spacetime as a limit defining 
the zero of gravity, hence the equation must admit the 
constant curvature spacetime as the matter free solution. 

Since gravitational dynamics is described by space- 
time curvature, there is no freedom to prescribe a law 
of gravity, it should all follow from the Bianchi identity, 
^ieRab]cd — 0, satisfied by the Riemann curvature [j]. 



And it docs indeed happen that the trace of the identity 
would give the divergence free symmetric Einstein tensor, 
VfcGa'' = 0, and consequently follows the equation. 

Gab = KTab - Agab, V aT\ = (1) 

where Gab ~ Rab ~ \Rgab and Kgab is a constant relative 
to the covariant derivative. This becomes the equation 
for the Einsteinian gravity when we identify Tab with the 
energy-momentum distribution - a universal property 
which is shared by all that physically exist (universal 
source for the universal force). Note that here A enters 
the equation on the same footing as Tab and hence 
cannot simply be wiped out at one's whims and fancy 
without proper physical explanation and justification. 
More importantly the equation must admit homogeneous 
spacetime as the matter free solution and A is its charac- 
terization. Had Einstein followed this natural geometric 
route, it won't have been then an addition as an after 
thought for obtaining the static cosmological solution 
but would have rather emerged as a new constant 
of the Einsteinian gravity and spacetime? Further after 
the discovery of non-static expanding solution @ and 
realizing the repulsive effect of A, he would have perhaps 
made a profound prediction though much before its 
time that the Universe may suffer accelerated expansion 
some time in future 0. It would have then been most 
remarkable when this would have actually been borne 
out by the observations 0. 

This derivation is based entirely on the differential 
geometric property of the Riemann curvature. The 
question arises, is it always possible to do so even when 
higher order terms in curvature are included? The 
answer is yes, it has been shown that the trace of the 
Bianchi derivative of a homogeneous polynomial in 
Riemann curvature with some properties similarly yields 
an analogue of the Einstein tensor corresponding to each 
term in the Lovelock polynomial Q. In fact it happens 
only for the Lovelock polynomial action and hence it 
defines a new characterization of the Lovelock gravity. 

A field equation has one free constant which is 
determined by experimentally measuring the strength 
of the field. The above equation for gravitational field 
has instead two constants, one of which measures the 
strength of the force and is identified with the Newto- 
nian constant, k = — SttG/c^. Why does it have the 
additional constant A? The feature which is different for 
gravity from all other forces is that it has no given fixed 
background spacetime and hence the equation must also 
contain the information of the state of the reference 
spacetime against which gravitational field is measured. 
That is what the new constant, A refers to and it is a 
homogeneous spacetime of constant curvature as the 
background reference. Since homogeneous spacetime 
should be the natural reference for inhomogeneous 
spacetime, it should also be a natural reference for 
gravitational field which is described by inhomogeneous 
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spacetime. 

The so called cosmological constant, A, as we all 
know, had a very chequered history mainly because 
the way Einstein introduced it as an after thought for 
having a static model of the Universe Once the 

non-static solution for the Universe was found Q, its 
presence was no longer needed for the purpose for which 
it was introduced. Thus remained the situation until 
the vacuum energy arising out of quantum vacuum fluc- 
tuations was considered [9| which against flat spacetime 
background has the stress tensor of the same form as 
Kgab- But then its value was off the Planck length by 
staggering f 20 orders of magnitude. Once again, it went 
into deep slumber to rise again with the renewed vigour 
to describe the observed acceleration of the expansion 
of the Universe Notwithstanding the very large 

number of dark energy models of enormous variety 
and vital statistics as well as other models involving 
modified gravity and inhomogeneity, the observational 
data agrees with A admirably well. We would strongly 
like to argue that though the vacuum energy must, like 
the gravitational field energy, gravitate but in a subtler 
way than writing a stress tensor on the right of the 
equation. 

The Einstein gravity is indeed self interactive yet the 
gravitational potential is however given in gu = i + 2(^ 
by = —M/r, which obviously includes no self in- 
teractive contribution. How is it then taken care of? 
It is in fact done through the null energy condition 
implying gttgrr = ^ 1, and that means 3-space must be 
curved. It is the curvature of 3-space which accounts 
for the gravitational field ener gy contribution leaving 
the Newtonian potential intact [lO[. Intuitively we can 
say Einstein is therefore Newton with 3-space curved. 
Note that the gravitational field energy is not a primary 
source as it has no independent existence of its own 
because gravitational field is created by matter. This 
is why it cannot sit through a stress tensor alongside 
the primary matter source {Tab) in the equation (it is 
a different matter that one cannot in principle write 
a covariant stress tensor for it). Its contribution can 
only be incorporated by curving 3-space. That is by 
enlarging the spacetime framework and not by adding 
a term in the equation. The situation with the vacuum 
energy is exactly the same as it is also created by 
matter and has no independent existence of its own. 
Like the gravitational field energy, it must not gravitate 
through a stress tensor on the right of the equation 
but should ask for the enlargement of the spacetime 
framework for its inclusion. Since the vacuum energy is 
a quantum phenomenon, enlargement of the framework 
would emerge only when we have quantum theory of 
gravity. So long as that doesn't happen, we cannot 
truly understand gravitational interaction of the vacuum 
energy. For a clear and correct understanding of its 
gravitational interaction, there is therefore no shortcut 



but to wait for quantum gravity. 

There is also a case made for tracefree gravitational 
equation in which only the tracefree matter gravitates 
Since the vacuum energy has non-zero trace, hence 
it cannot gravitate and then A appears in the derived 
equation as an integration constant. This is against 
the basic property of the universality of gravity which 
requires its linkage to all that physically exist. All kinds 
of energy must gravitate, however mode of interaction 
could be different. The main concern here is to make A 
free from the vacuum energy and so it is not measured 
against the Planck length. However there arises a basic 
problem in treating the vacuum energy as a fluid. Its 
stress tensor implies the equation of state, p + p = 0. In 
the fluid equation of motion, p + p defines the inertial 
density similar to the inertial mass in the particle 
equation of motion. Clearly the equation becomes un- 
tenable whenever inertial mass or density vanishes. This 
signals the need for a new theory for inclusion of such a 
situation. Recall that the zero mass particle required an 
invariant velocity for its description and thereby asking 
for a new mechanics - special relativity. Note that what 
was required for inclusion of zero mass particle was 
the enlargement of the framework signifled by merger 
of space and time into spacetime. And so should be 
the case for inclusion of the zero inertial density. It 
can therefore be not included by writing a stress tensor 
on the right but we have to seek enlargement of the 
spacetime framework. What could that be? Since it 
arises from the quantum fluctuations of vacuum, it would 
require a discrete quantum structure for space to suffer 
fluctuations. The enlarged framework would be provided 
by the way this basic feature of space is incorporated 
in a new theory of quantum spacetime/gravity. Then 
in the enlarged framework it would be automatically 
taken care of. A general principle is that if something 
(like m = particle) is not admitted in the existing 
framework, the framework is enlarged in such a way 
that it gets automatically incorporated [l^ and there 
comes up a new theory encompassing the existing 
one. This is precisely what should happen for the vac- 
uum energy when we have the quantum theory of gravity. 

Let us reemphasize that A stands all of its own 
on the shoulders of the basic spacetime property of 
homogeneity without reference to matter, gravity or 
cosmology. It describes the geometry of spacetime 
completely free of all matter and dynamics but there is 
no way to find its value in this free state of spacetime. 
What it signifies is the fact that curvature is the innate 
property of spacetime even in the absence of matter. It 
therefore provides a right framework of curved spacetime 
for the description of gravity and also serves as the 
reference (homogeneous) for the measure of presence of 
matter and gravity (inhomogeneous) . The introduction 
of matter thus does not produce any discontinuity in 
spacetime structure from flat to curved instead it is just 
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a continuous transition from homogeneous to inhomo- 
geneous. That is why A is indeed a true constant of 
spacetime structure and thereby of the Einstein gravity 
[13I [T^ |. Since it is, as argued above, not related to the 
vacuum energy and hence there is no reason for it to be 
slated against the Planck length. It can now have any 
value like any other physical constant. Since it refers 
to the spacetime which means the Universe as a whole, 
it would be the cosmology that would fix its value. In 
the Friedmann model of the (spatial) homogeneous and 
isotropic FRW cosmology Q , it is determined in terms of 
the energy density and the Hubble expansion parameter. 
Interestingly it turns out that A determined by the 
present values of these parameters agrees wonderfully 
well with the accelerating expansion observations [21 ■ 
As the value of invariant velocity was fixed by the elec- 
trodynamics as the velocity of light, similarly A is fixed 
by the cosmology in terms of the matter content in the 
Universe and the Hubble parameter. The critical value 
for A is given by A = Ac = AttGpo/c^, where po is the 
bounce value of the density. It then turns out that for 
the spherical (A: = 1) case it would be like the Friedmann 
recoUapsing model for A < Ac while for A > Ac, it would 
expand to ultimate dispersion resembling the de Sitter 
[15| . In the absence of A, it is the curvature parameter 
k that separates the recoUapsing and ever expanding 
cases. Since A > has dispersive effect, it has to be 
bounded from above so that it does not dominate over 
the density for the Universe to recollapse. 



The enlargement of framework is always required for 
incorporation of some new physical feature or entity 
like the zero mass particle which is not admitted in the 
existing framework and then the framework is enlarged 
in such a way that it gets included [12|. In the case 
of zero mass particle, a universal constant velocity 



was required which bound together space and time 
into spacetime which provided the enlarged framework. 
Since the vacuum energy is a quantum phenomenon, 
the enlargement has to be sought involving quantum 
properties of spacetime. Where does and in what 
form should one seek the enlargement of framework? 
Since we are asking for a quantum theory of spacetime, 
it is natural to expect that at deep down spacetime 
may also have discrete quantum structure like matter. 
Would the usual quantum principle and techniques be 
appropriate to handle it when spacetime which provides 
the background itself has quantum structure or a new 
framework would be needed? What could be its building 
blocks describing the microstructure? This is what 
the loop quantum gravity adherents are attempting to 
probe |16| . Further are there any unexplored properties 
of spacetime and gravity that could be invoked? One 
could be that spacetime may not retain its commutative 
character at the micro level [l^ and the other could be 
that gravity may not entirely remain confined to the 
usual 4 dimensions. It may leak into hi ghe r dimensions 
as envisaged in the braneworld gravity [l9|. For higher 



dimensions, apart from the string theory which naturally 
lives in there, there are quite strong classical motivations 
as well d, [l^l ■ As and when we have the quantum theory 
of gravity, we believe that the enlarged framework would 
take care of the vacuum energy in the similar fashion as 
gravitational field energy is taken care of through the 
space curvature in general relativity. 

It would be illuminating to discuss one of the interest- 
ing arguments for the extra dimensions @,[m. It is based 
on the general principle that the total charge for a classi- 
cal field must always be zero globally. This is true for the 
electromagnetic field, how about gravity? The charge for 
gravity is the energy momentum that is always positive, 
how could that be neutralized? The only way it could be 
neutralized is that the gravitational field the matter cre- 
ates itself should have charge of opposite polarity. That 
means the gravitational interaction energy must be nega- 
tive and that is why the field has always to be attractive. 
Note that gravity is attractive to make the total charge 
zero. The negative charge is however not localizable as 
it is spread all over the space. When it is integrated 
over the whole space for a mass point, it would perfectly 
balance the positive mass. This is what was rig orously 



established in the famous ADM calculation [17[. Con- 
sider a neighbourhood of radius R around a mass point. 
In this region, the total charge is not zero and there is 
overdominance of positive charge as the negative charge 
lying in the field outside R has been cut off. Whenever 
the charge is non zero on any surface (like for an electri- 
cally charged sphere, the field propagates off the sphere) 
the field must go off it. This means gravity must go off 
the 3-brane (4-spacctime) in the extra dimension but as 
it leaks out, its past light cone would encompass more 
and more region outside R and thereby more and more 
the negative charge. That is it leaks off the brane with 
diminishing field strength and hence it does not pene- 
trate deep enough. This is the picture quite similar to 
the Randall-Sundrum braneworld gravity model Il9l . If 
the matter fields remain confined to the 3-brane [20| and 
only gravity leaks into extra dimensions but not deep 
enough, then extra dimensions effectively become small 
(for probing depth of dimension, we need some physical 
probe that goes there). This is an intuitively very appeal- 
ing and enlightening classical consideration why gravity 
cannot remain confined to 4 dimension and at the same 
time why extra dimension cannot be large? 

In conclusion, we note the main points of the discourse. 
It is the inhomogcneity of the spacetime curvature that 
drives the gravitational dynamics while homogeneity sig- 
nified by A provides the zero reference for gravity. It thus 
becomes the part of the spacetime structure as much as 
the velocity of light. Above all the natural state of space- 
time is always curved, when it is free it is homogeneously 
curved and the introduction of matter makes it inhomo- 
geneous and then it harbours the Einstein gravitational 
dynamics. Thus introduction of matter does not imply 
any break in the spacetime structure from flat to curved 
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as is required in the standard picture. The spacetime 
hke anything that bends (matter) should have discrete 
quantum micro-structure. It is required for it to curve so 
that it can describe gravitational dynamics. There are 
also indications of the converse being true. That is a 
constant curvature de Sitter spacetime can be shown to 
emerge from the classical sequential growth of causal sets 
[2l| . The gravitational interaction of the vacuum energy, 
like that of the gravitational field energy, cannot be in- 
corporated by writing a stress tensor on the right of the 
Einstein equation but instead has to be done by enlarg- 
ing the spacetime framework which would unfortunately 
unfold only when the quantum theory of gravity is dis- 
covered. Until then there is no alternative but to wait. 
With A being completely free of the vacuum energy, it 
can have any value that the FRW cosmology fixes for it 
in terms of the energy density and the Hubble expansion 



parameter. Its value as determined by the present val- 
ues of these parameters agrees wonderfully well with the 
accelerating expansion observations • Further it is con- 
ceivable that had Einstein followed this chain of thought, 
he could have perhaps predicted the accelerated expan- 
sion some time in future. If that were so, it would have 
been one of the most profound predictions of all times 
and we would have once again saluted his genius when 
it would have been verified by the observations. This is 
the simplest and clearest explanation of the observations 
without any need for the exotic dark energy. Lastly let 
us turn an embarrassment into a virtue by turning the 
argument on its head, it could as well be envisioned that 
in terms of the Planck area the Universe measures 10^^° 
units! 
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